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Abstract 

In this paper we will analyse the anti-BRST symmetries of Bagger-Lambert-Gustavsson (BLG) 
theory in presence of a boundary. We will analyses these symmetries in both linear and non-linear 
gauges. We will also derive the finite field version of the anti-BRST transformations for the BLG 
theory in presence of a boundary. These finite field transformations will be used to relate generating 
functional in linear gauge to the generating functional in the non-linear gauge. 


1 Introduction 

According to the AdS/CFT correspondence the superconformal field theory describing multiple M2- 
branes is dual to the eleven dimensional supergravity on AdS 4 x 5'^. Now apart from a constant closed 
7-form on S'',AdS 4 xS'^ - [S'0(2,3)/S'0(l, 3)] x [S'0(8)/S'0(7)] C 05'p(8|4)/[S'0(l,3)xS'0(7)] [J, so the 
superconformal field theory dual to the eleven dimensional supergravity has Af = 8 supersymmetry. This 
is because for this dual superconformal field theory (^^^(Sld) gets realized as Af = 8 supersymmetry. This 
superconformal field theory contains eight gauge valued scalar fields which originate from the transversal 
coordinates of M2-branes. It also contains sixteen physical fermions. Furthermore, it only has sixteen on 
shell degrees of freedom and so the gauge fields cannot have any contribution to the on shell degrees of 
freedom. These requirements are met by a theory called the Bagger-Lambert-Gustavsson (BLG) theory 
[2]-El. This theory is a three dimensional superconformal field theory with A/" = 8 supersymmetry and 
SO {8) R-symmetry. 

The BLG theory has gauge symmetry and is valued in a Lie 3-algebra rather than a conventional 
Lie algebra. The only known example of a Lie 3-algebra with fully antisymmetric structure constants is 
S'0(4) and it has not been possible to increase the rank of the gauge group. It is possible to decompose 
the gauge group ^(^(d) into SU{2) x SU{2), by complexifing the matter fields. The gauge sector of the 
BLG theory now comprises of two Ghern-Simons theories with levels ±k and the matter fields exist in 
the bi-fundamental representation of the gauge group SU{2) x SU{2). However, the gauge symmetry 
is now produced by ordinary Lie algebra rather than a Lie 3-algebra. As the gauge group of the BLG 
theory is SU{2) x SU{2), it only represents two M2-branes. It has been possible to extend the gauge 
group to U{N) X U{N), and the resultant theory is called Aharony-Bergman-Jafferis-Maldacena (ABJM) 
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theory [7]. The ABJM theory only has A/” = 6 supersymmetry, and this supersymmetry gets enhanced 
to A/” = 8 supersymmetry only for Chern-Simons levels, fc = 1,2 [^. Thus, the ABJM theory only has 
A/” = 6 supersymmetry instead of A/” = 8 supersymmetry, which M2-branes are expected to have from the 
AdS/CFT correspondence. However, for two M2-branes ABJM theory coincides with the BLG theory 
and thus has A/" = 8 supersymmetry. 

Just as strings can end on D-branes in string theory, M2-branes can end on other objects in M-theory. 
Thus, M2-branes can end on M5-branes, M9-branes and gravitational waves. In fact, a form of non- 
commutative string theory on the M5-brane world-volume has been studied by analyzing the action of a 
single open M2-branes ending on it [10]-[12]. Furthermore, the BLG theory has been used for constructing 
a novel quantum geometry on the M5-brane world-volume by analysing a system of M2-branes ending 
on a M5-brane with a constant C-field [T3]. The BLG action with Nambu-Poisson 3-bracket has been 
identified as the M5-brane action with a large world-volume G-field [14]. As the BLG theory has been 
used for analyzing a system of M2-branes ending on a M5-brane, it is is important to study the BLG 
theory in presence of a boundary. 

In a supersymmetric theory, the presence of a boundary breaks the supersymmetry. This is because 
the boundary obviously breaks translational symmetry and since supersymmetry closes on translations, 
it is inevitable that the presence of boundary will also break the supersymmetry. However, half of the 
the supersymmetry can be preserved by adding a boundary term to the bulk action, such that the 
supersymmetric variation of this boundary term exactly cancels the boundary piece generated by the 
supersymmetric transformation of the bulk action |15j - m- This has been used for analysing the open 
M2-branes in the ABJM theory [18] - m- This has also been used for studding the BLG theory in presence 
of a boundary [^-[21]. 

It may be noted that the BLG theory in presence of a boundary can be made gauge invariant by 
adding extra boundary degrees of freedom to it [20]. Thus, the boundary BLG also has a gauge symmetry 
associated with it. So, it cannot be quantized without getting rid of these unphysical degrees of freedom. 
This can be done by adding ghost and gauge fixing terms to the original classical Lagrangian. The 
addition of these terms incorporates the gauge fixing condition at a quantum level. It is known that for 
a gauge theory the sum of the original classical Lagrangian with the gauge fixing and the ghost terms, 
is invariant under new sets of transformations called the BRST and the anti-BRST transformations |22j - 
PS] . For the ABJM theory, the BRST and the anti-BRST symmetries have been studied in both linear 
and non-linear gauges [5]. 

The infinitesimal BRST and the infinitesimal anti-BRST transformations have been generalized to 
finite field dependent BRST (FFBRST) and finite field dependent anti-BRST (anti-FFBRST) transfor¬ 
mations M-M- This is done by first making the infinitesimal global parameter occurring in the BRST 
or the anti-BRST transformations depend on fields occurring in the theory. Then this field dependent 
parameter is integrated to obtain the FFBRST and anti-FFBRST transformations. Even though, these 
finite transformations are a symmetry of the quantum action, they are not a symmetry of the functional 
measure. They can thus be used to relate a theory in one gauge to the same theory in a different gauge 
[28]-[32]. So, FFBRST transformations can be used to overcome a problem that a theory suffers from 
in a particular gauge. For example, the axial gauge even for ordinary gauge theories has problamatic 
poles associates with it. Furthermore, in the Goulomb gauge the time-like propagator is not damped and 
so the time integral does not converge. There is no reason not to expect similar problems to occur in 
non-covariant gauges in the BLG theory. However, for ordinary gauge theories these problems can be 
resolved by using the FFBRST formalism. This is because to overcome these type of difficulties calcu¬ 
lation for the required quantity can be done for a gauge in which that problem does not exist, and then 
using the FFBRST transformation to transform it to the required gauge. In fact, in ordinary Yang-Mills 
theory, FFBRST transformations have been used for obtaining the propagator in Goulomb gauge from 
the generating function in the Lorentz gauge [33]. Thus, FFBRST can be used for obtaining the propa¬ 
gators in suitable gauges for the ABJM theory, which can be used for calculating scattering amplitudes 
in a suitable gauge. 
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It may be noted that even though the BLG is a theory dual to supergravity theories, and this duality 
fixes the matter content of the theory, it is a gauge theory from the field theoretic perspective. Thus, 
at a quantum level it can be analysed as a gauge theory using the Gribov-Zwanziger theory. This way 
non-perturbative aspects of this theory can be analysed. There is a close relation between FFBRST 
transformation and Gribov-Zwanziger theory |34j . Thus, FFBRST transformations may give us an idea 
about the non-perturbative effects in a theory. It may be noted that the FFBRST symmetry relies 
crucially on the gauge sector of the theory, and will not get effected by the matter content of the theory. 
Hence, even though the BLG theory has a very precise matter content fixed from supergravity theories, 
the FFBRST formalism can be applied to it. This is very important from the M-theory point of view. This 
is because we may be able to understand the physics of multiple M5-branes by analysing non-perturbation 
effects in the BLG theory [5^-[35]. The FFBRST symmetry for the BLG theory on a manifold without 
a boundary has already been studied (33). However, so far anti-FFBRST symmetry for BLG theory has 
not been studied. Furthermore, as the M2-branes can end on M5-branes, it is important to study the 
BLG theory in presence of a boundary. So, in this paper we will study the anti-FFBRST transformations 
for the BLG theory in presence of a boundary. 


2 BLG Theory in Presence of a Boundary 


In this section we will review the BLG theory in presence of a boundary [20]-[21]. As has been demon¬ 
strated in the previous section, we have to add a boundary term to the conventional BLG theory to 
preserve half of the supersymmetry. In fact, we have to add yet another term to it to make it gauge 


invariant. However, unlike regular gauge theories, where the gauge fields take values in a Lie algebra. 


the gauge field in the BLG theory take values in a Lie 3-algebra. A Lie 3-algebra is vector space en¬ 
dowed with a trilinear product, \T^, where are called the generators of this Lie 


3-algebra. These structure constants are totally antisymmetric in A, B, C and satisfy the Jacobi identity, 
j[ABCji^EG _ useful to define the following constants, [30] ■ These 


constants are anti-symmetric in the pair of indices AB and CD and the satisfy the following Jacobi 

^AB,CD^GH,EF , r^GH,AB^GD,EF , ^GD,GH^AB,GH n t? iU iV i • • j-U t • 

identity, Cpp ~^^ef ^kl ~^^ef ^kl = furthermore, the metric m the Lie 


3-algebra can be written as Hab = Tr{TATB)- 


The BLG theory on manifolds without boundaries has Af = 8 supersymmetry. However, we will 
perform our analysis in A/” = 1 superspace formalism where only the supersymmetry generated by Qa = 
da — {l^dp0)a is manifest. To write the BLG Lagrangian in presence of a boundary, we will first define 
covariant derivatives for matter fields Xa,X^ and the spinor field as [40] 


VaXi = DaXA-lfi^^TaBcXh, 

XaX^^ = D^X^J + (1) 

(Varf,)^B = DaTbAB + C^p'^^TGDa^bEF, ( 2 ) 


where Da = 9a + (7^9^)a^b- Under gauge transformations these fields transform as F^ iu VaU X^ -A 
uX\ XA where X^ = X^T^, X^ = x{^T^, F^ = TaABT'^T^. We also define, F“ x F^ = 

T^T^Cip^^r^pTaGD- Now we define. 


^aAB 

_ ^ r'CD,EFrpbCD p 1 

— ^aAB — -^^AB d A abEF] 

(3) 

^aAB 

= ]^D^DaTbAB - DbTaEF] 



^ ^CD^EF r"p y 11 

^EF CD^ bGH^ ^ alJfl^ 

(4) 

^abAB 

= “2 Dia^b)AB -2'iC^B'^^{^aCD,^bEF} ■ 

(5) 
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The Lagrangian for the BLG theory on a manifold without a boundary can be written as [39] 


£ 


V 


2 ^ 1 

pABCD v^t vJ v^t 
-r^IJKLJ 

^ / 3 _n 


(6) 


Now we project the covariant derivatives V ±6 = (P ±)5 Vo using the a projection operator, {P±)a = 
(do ± (7^)a)/2- Under the action of this projection operator Qa splits into Q±b, where Q±b = {P±)bQa 
m-m- If we put a boundary at fixed 2 : 3 , then p, splits into ^ = (/i, 3), and only the supersymmetry 
generated by one of these supercharges can be preserved. The induced value of the matter and spinor fields 
on the boundary is denoted by and respectively. Furthermore, the boundary covariant 

derivative of these induced fields, V(,, is obtained from Vo, by neglecting 7^93 contributions to it. We 
also introduce a boundary superfield v' and let v be its extension into the bulk with the following gauge 
transformation, v -A vu~^. The Lagrangian for the boundary BLG theory which is invariant under 
supersymmetry generated by ( 3 + can be written as follows | 20 ) - m 

Csg = -v;[C5(r") + x(x^xU) + /c'(r',U)]e_=o, (7) 


where TJj denote the gauge transformation of To generated by v and 


C5(r) 


/c'(r',fo) 


Av_[/^^^^r^sUoCD].+=o, 

iv_[(V“X^)^(VoXt)^],^=0 

-|^V_ [eijKLB^^^XiX^^xJcX^J]e^=o. 

--^[f abcd{v'~^^'+v')'^^ iv' 


( 8 ) 


It may be noted that 5(r',z;') = C5(r’') — CiS(r) is the boundary potential. So, C5(r”) = C5(r) + 
5(r',w')) is the total potential of the theory. In case there is no coupling to the bulk fields this reduces 
to a potential term for the supersymmetric Wess-Zumino-Witten models. 


vV5(r',U) 


{ v -^' v ', v ') cd ] 



(9) 


3 Finite Field Dependent Transformation 


In this section we will construct finite field dependent anti-BRST transformations for the BLG theory in 
presence of a boundary. To do that we first note that we can write the gauge fixing term for the BLG 
theory as 


Cgf — V+V_ 


'B^^^bABD<^T,CD + ^B^^^bABbcD 


( 10 ) 


The ghost term corresponding to this gauge fixing term can be written as 

Cgh = V+V_ [B^^^CABD-VaCCD] ■ (11) 


The total Lagrangian, Cblg = £sg + £ 3 / + P-gh, is now invariant under the following anti-BRST trans¬ 
formations. 


sFa = VaC , SC = -CX C , 
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( 12 ) 


= —iX^^c , sb = —b X c , 
sX^ = icX^ , sc=—b — cxc, 
sv = —ivc . 


In fact, it is also possible to write a non-linear parts of the above anti-BRST transformations as 

b - X c , 

ic-x6 +ic-xc-xc, 

icxc. (13) 

Now the infinitesimal global parameter had to be included in the definition of s. However, we can explicitly 
write this global parameter with odd Grassmann parity occurring in these transformations as e. The prop¬ 
erties of the anti-BRST transformation do not depend on whether this parameter is field dependent or not. 
Similarly, they do not depend on whether this parameter is finite or infinitesimal. Thus, we first make this 
infinitesimal global parameter with odd Grassmann parity an infinitesimal field dependent parameter with 
odd Grassmann parity e[d>(a:, k)], where <l>®(a;, k) = {X^{x, k), X^''^{x, K),ra{x, k),c{x, k), c{x, k), b{x, k),v{x, k)). 
Here <l>*(a;,0) are the initial fields and ^"^{x, 1) are the transformed field. Furthermore, k : 0 < k < 1 is 
an arbitrary parameter and physical quantities do not depend on it mm- 

Now we can make this infinitesimal field dependent parameter a finite field dependent parameter and 
thus define a functional with odd Grassmann parity as 0[<1>]. This finite field dependent parameter can 
obtained from a infinitesimal field dependent parameter as follows. 


sc = — 

sb = — 

sc = — 


0[$(x, k)] = e[<l>(a::, k)] 


expF[$(a;, k)] — 1 
F[$(a;, k)] 


(14) 


where 


(5e[<l>(a:, k)] , , ^e[$(x, k) 1 , , (5e[$(x, k)] ,, , 

H— , , , sc{x, k) -P _/ /-' sc(x, k) -k rw .. sb{x, k) 


Sc{x, k) 
i5e[<l>(a;, k)] 


Sc(x, I 


5b(x, k) 


j(x, k). 


Sv(x, k) 

For a field dependent infinitesimal parameter e[<l>(x, k)], we have 


(15) 


an 


(16) 


We integrate these equations from k = 0 to k = 1 and find the relation between $®(a;, 1) and $*(a;, 0), 


^\x, 1) = $*(x, 0) -I- s$*(a;, O)0[$(x)], 


(17) 


Now the anti-FFBRST transformations for the BLG theory are given by / $* = s $*0. The anti-FFBRST 
transformations are a symmetry of the action Sblg- However, they are not a symmetry of the functional 
measure because the Jacobian for path integral measure in the expression of generating functional is 
not invariant under them. The change in the Jacobian under the FFBRST transformation is given by 
= J[$(k)]X>$®(k). Now J[$(k)] can be replaced within the functional integral by where 

S'! [$(«;)] is some local functional of The condition for existence of Si for the BLG theory in presence 
of a boundary is given by 


/ 


d^xV+X- 


1 dJ{K) 
J{k) dn 


dSi 

^~d^ 


e=o 


= 0 . 


(18) 
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The infinitesimal change in Jacobian is given by 


So, we can write 


SJ{k) 


SJ{k) = V+V_ 


1 dJ{K) 
J{k) dn 


J e=o 


- / 


—sX^ (x, k) 


k)] 

SX^{x, k) 


-viU , -T. , 

_ (5e[$(a;,fc)] (5e[$(a:,fc)] 

fc) c . , N - sc{x, k) 

oc[x^ k) oc(x, k) 

Se[^{x^k)] _ , Se[^{xjk)] 


9=0 


(19) 


( 20 ) 


4 Anti-FFBRST Transformations with specific parameter 


We will now use anti-FFBRST to relate the BLG theory, in the linear gauge to it in the non-linear gauge. 
Here the linear anti-BRST transformations are denoted by (sGi)^^ and the the non-linear anti-BRST 
transformations are denoted by (sG 2 )'^^. We again define the infinitesimal field dependent parameter as 
follows 


m = -il J d^xV+V^ [f^^^^CAB (Gcdi - GcD2)] , (21) 

where 7 is an arbitrary constant parameter. However, the expression for the change in Jacobian is now 
given by 


SJ{k) = i7 J d^xV+V.f^^^^[{sGcDi-sGcD2)cAB 

+ {bAB + G^g'^^CGHCEF){GcDl — GcD 2 ) 

-I G — 

Furthermore, we construct the local functional as 


( 22 ) 


^1 = j d^xV+V^f^^^^[^i{B)bABGcDl+U^^)bABGcD 2 

+io{l^)sGcDlCAB + iA{l^)sGcD2CAB 

+^5{K)G^g’^^ cghcefGcdi 

+^6{k)Gab’^^CGHCEfGcD2]0=O, (23) 

where = 1 , 2 ,3,4) are the k dependent arbitrary parameters which satisfy the following initial bound¬ 
ary condition ^i{K = 0) = 0. As all the fields again depend on k, so we calculate 

= J d^xV+X-f^^^^[^[bABGcDl — ^iCAB’^^bGHCEFGcDl^ 

+^lbABsGcDl<^ + ^2bABGcD2 “ bGHCEFGcD29- 

+ioSGGDlCAB — ^SsGcDlibAB + G^g’^^ CGHCef)^ 

+C 4 SGGD 2 CAB — ^AsGcD 2 {bAB + CghCef)^ 

+^5Cab’^^CGHCEfGcD1 + CGHCefGcD2 
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CGHbEpGcDie- + CghCefsGcdi^ 

— CeC'^B’^^CGff&_E_FG'cr> 2 e + ^6G^g’^^CGHCEFsGcD2£ 

+^ 2 bABsGcD 2 ^] 9 = 0 , 

= J d^xV+V.f^^^^[^[bABGcDl + esSGcDlCAB 

+^ 5 Gab’^^^GHCefGcdi + CghCefGcD 2 

+ (Cl - ^z)sGGDlbABf- - iis - ib)G^B’^^C ghCefsGgdi 
+ (^2 — ^A)sGGD2bAB^ — (^4 — ^6)G^b’^^ CGHCEFsGGD2e 
“(Cl “ ^b)G^B'^^bGHCEFGcDl^ + ^4sGcD2CAB 

-(C 2 - C6)G^B’^^bGHCEFGcD2e + ^2bABGcS2]B=0- (24) 

Now, the Jacobian can be written as , if the following equation is satisfied 

J - ^)bABGGDl + (C2 + l)bABGcS2 

+(^5 “ i)G^b’^^cghcefGgdi + (Ce + i)G’2b’^^cghcefGgd2 
+ (Cl - ^3)sGGDlbAB£ - (Ca - ^5)G^b'^^CghCefsGcdi 
+ (^2 — ^ 4 )sGGD 2 bABe “ (C4 “ ^ 6 )G‘^b’^^CghCefsGc 02 ^ 

“(Cl “ ^b)G’ 2 B’^^bGHCEFGGDie- + (C4 + 1)sGcD2CAB 
“(C2 “ ^e)G^g’^^bGHCEFGGD2f^ 

+ (C3 “ 'y)sGGDlCAB]e=0 = 0. (25) 

So, equating the coefficients of the above expression, we get Ci “ 7 = 0 ; C2 + 7 = 0, C3 “ 7 = 0 ; C4 + 7 = 
0 , Cs “ 7 = 0 ) Ce + 7 = 0 ) and Ci “ Ca = C2 “ C4 = Ca “ Cs = C4 “ Ce = Ci “ Cs = C2 “ Ce = 0 . For 7 = — 1 , 

the solutions to above equations satisfying initial condition for ^ are given by = —k, ^2 = «, Ca = 
—K, C 4 = K, Ca = Ce = K. Now, by adding S'i(k = 1 ) to the original action in the gauge Ggdi, we 
obtain the action in gauge Ggd 2, Sf = Sblg + <S'i- So, under the anti-FFBRST transformations the 
generating functional in the gauge Ggd 2 transforms to the generating functional in the gauge Ggdi- In 
fact, the anti-FFBRST transformations can also be used to obtain the generating functional in the gauge 
Gcd 2 , if we start from the generating functional in the gauge Ggdi- 


5 Conclusion 

In this paper we analysed the BLG theory on a manifold with a boundary. This theory was made gauge 
invariant by adding a new field to it, such that the boundary term generated by the gauge transformations 
of the BLG theory exactly canceled the boundary term generated by the gauge transformations of this 
new term. The measure of integration of the superspace was also modified so that the theory preserves 
half the supersymmetry even in presence of a boundary. Furthermore, the anti-BRST transformations of 
this theory were studied in both linear as well as non-linear gauges. After analysing the both the linear 
and non-linear anti-BRST transformations, the anti-FFBRST transformations were constructed. It was 
demonstrated that these two gauges can be related to each other via anti-FFBRST transformations. 

The main motivation for studding the FFBRST or the anti-FFBRST transformation of the BLG 
theory is that they are related to Gribov-Zwanziger theory and can thus give us an idea about the 
non-perturbative effects in the BLG theory. As the physics of multiple M5-branes can be studied using 
non-perturbation effects in the BLG theory [3S]-[3B], FFBRST transformations for the BLG theory are 
very important. Furthermore, as M2-branes can end on M5-branes, it is important to study the FFBRST 
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transformations for the BLG theory on a manifold with boundaries. However, it may be noted that the 
BLG theory only describes two M2-branes. It has been generalized to the ABJM theory, which describes 
more than two M2-branes [7]. The BRST and the anti-BRST symmetries for the ABJM theory have 
been studied in various gauges [5]. Thus, it would be interesting to study the FFBRST and the anti- 
FFBRST transformations for the ABJM theory. The ABJM theory in presence of a boundary has also 
been constructed [18]- m- In fact, the BRST and the anti-BRST transformations for the ABJM theory in 
presence of a boundary have also been discussed [18]. So, it would also be interesting to find a finite field 
version of these transformations. However, as the ABJM theory has two infinitesimal gauge parameters, 
the conventional FFBRST transformation would have to be modified for the ABJM theory. It may be 
noted that the ABJM theory coincides with the BLG theory for two M2-branes. So, for two M2-branes, 
the FFBRST transformations for the ABJM theory should reduce to the FFBRST transformations for 
the BLG theory. The FFBRST transformation for gauge symmetry generated by a Lie 3-algebra can 
used for analysing the FFBRST transformation for the gauge theory with two parameters as is possible 
to decompose 50(4) into 517(2) x SU(2). This can then be used to motivate the analysis of FFBRST 
transformations for the ABJM theory. 

It may be noted that multiple D2-brane action can be derived from a multiple M2-brane action by 
means of a novel Higgs mechanism [42j-|45j. In this mechanism a vacuum expectation value is given to 
a scalar field. This breaks the gauge group of the ABJM theory down to its diagonal subgroup. Thus, 
the Yang-Mills theory coupled to matter fields is obtained by Higgsing the ABJM theory. It would 
be interesting to start with a gauge fixed ABJM theory and derive its FFBRST transformations, then 
using the novel Higgs mechanism to go to the multiple D2-branes action. It would be expected that the 
FFBRST transformations in this case will reduce to the FFBRST transformations for the D2-branes. By 
analysing these transformations, we can get a better understanding of what happens to this theory at a 
quantum level. We can also perform a similar analysis using anti-FFBRST transformations. 

It may be noted that for Yang-Mills theory in Cho-Faddeev-Niemi variables with an appropriate 
choices of finite and field dependent parameter the gauge fixing and ghost terms corresponding to Landau 
gauge and maximal Abelian gauge appear naturally by using the FFBRST transformations [15]. It will 
be interesting to perform a similar analysis for M2-branes and show that the gauge fixing and ghost 
terms corresponding to different gauges can also occur naturally for M2-branes by using the FFBRST 
transformations. It may be noted that various deformations of the general relativity have been studied 
gii-isn], and it would be possible to study such deformations of supergravity in eleven dimensions. So, 
it will be interesting to analyse the action for M2-branes dual to such deformations of supergravity in 
eleven dimensions, and repeat the analysis of this paper for such deformations. 
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